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Abstract 



' We pursue the symplectic description of toric Kahler manifolds. There 

> ■ 

\^ ' exists a general local classification of metrics on toric Kahler manifolds 



equipped with Hamiltonian two-forms due to Apostolov, Calderbank and 
Gauduchon(ACG). We derive the symplectic potential for these metrics. 



^ ■ Using a method due to Abreu, we relate the symplectic potential to the 



canonical potential written by Guillemin. This enables us to recover the 
moment polytope associated with metrics and we thus obtain global in- 
formation about the metric. We illustrate these general considerations by 
focusing on six-dimensional Ricci-flat metrics and obtain Ricci-flat metrics 
associated with real cones over L^^^ and manifolds. The metrics as- 
sociated with cones over Y^*^ manifolds turn out to be partially resolved 
with two blow-up parameters taking special (non-zero)values. For a fixed 
YP'^ manifold, we find explicit metrics for several inequivalent blow-ups 
parametrised by a natural number k in the range < k < p. We also show 
that all known examples of resolved metrics such as the resolved conifold 
and the resolution of C'^/Zs also fit the ACG classification. 
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1 Introduction 



The natural target space for (2, 2) supersymmetric non-linear sigma models in 
two dimensions is a Kahler manifold, X [1]. For applications in string theory, 
one needs the non- linear sigma model to be conformally invariant. To leading 
order, conformality of the non-linear sigma model requires the Kahler manifold to 
be Ricci-flat [2]. In 1993, Witten provided a simpler construction of such sigma 
models by introducing the gauged linear sigma model(GLSM) [3]. Among the 
many phases of the GLSM, he showed that there is a phase where one recovers 
the non-linear sigma model. A notable feature of this construction was a simple 
description of a necessary condition (i.e., ci(X) = 0) for the manifold to be Ricci- 
flat. Further, he showed that the GLSM naturally realises a symplectic quotient 
and that the induced metric in the NLSM limit was a natural generalisation of 
the Fubini-Study metric associated with complex projective spaces. 

Around the same time, Guillemin carried out a systematic treatment of toric 
Kahler manifolds and wrote a simple formula that generalised the Fubini-Study 
metric for CP*^ [4]. The only data that went into writing the metric was the 
moment polytope associated with a toric Kahler manifold. The moment polytope 
is a convex polytope defined by several inequalities of the form 



Guillemin wrote the metric in symplectic coordinates rather than (the more 
commonly used) complex coordinates. The metric in symplectic coordinates is 
determined by a single function called the symplectic potential [5] . The symplectic 
potential written by Guillemin is given by 



We will refer to this as the canonical symplectic potential. For projective spaces, 
this metric reduces to the Fubini-Study metric. However, while the metric cor- 
rectly captures the singularities in more general examples, it is not necessarily 
Einstein (or even extremal) as the Fubini-Study metric. It turns out that the 
metric given by the GLSM is identical to the one written out by Guillemiiil^. 
-'^This result may be obvious to some and non-obvious to others. However, the GLSM has a 



4(P) >0 , a = 1,2,... 



(1.1) 




(1.2) 



a 
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Abreu had a simple suggestion to obtain Einstein/extremal metrics from the 
canonical one [6]. Adapting a method due to Calabi in the complex context [7], 
Abreu modified the canonical symplectic potential by adding a 'function' to it as 
follows: 

G{P) = G,UP) + KP) , (1-3) 

where h{P) is non-singular in the interior as well as the boundary of the polytope. 
We will refer to h{P) as the Abreu function in this paper. The Abreu function 
is determined by requiring that the new metric has the required property such 
as extremality. For instance, the differential equation for h{P) is the analog of 
the Monge-Ampere equation that appears when one imposes Ricci-fiatness on 
the Kahler potential [8]. The function h{P) has been determined in only a small 
number of examples [6,9,10]. However, there have been a recent attempt to 
obtain the function numerically [11]. 

This paper focuses on a special sub-class of toric Kahler manifolds, those that 
admit a Hamiltonian 2-form. For Kahler manifolds that admit such a 2-form (and 
possibly non-toric), there exists a classification of these metrics due to Apostolov, 
Calderbank and Gauduchon(ACG) [12]. The main merit of such metrics is that 
it replaces a PDE in m variables that one needs to solve to obtain the symplectic 
potential by an ODE's in m functions of one-variable in the best of situations. 
We obtain the symplectic potential for these metrics and find that it can be easily 
written in the form given in Eqn. (11.31) . Then the associated polytope is easily 
recovered. We find that all known examples of resolved metrics in six-dimensions 
admit a Hamiltonian 2-form and add a new infinite family of partially resolved 
spaces to the list of known examples. 

Another application of these methods is in the context of the AdS-CFT corre- 
spondence which relates four-dimensional conformal field theories with type IIB 
string theory on AdS^ x X^, where is a compact five-dimensional Sasaki- 
Einstein manifold [13]. Real cones over these spaces turn out to be non-compact 
Ricci-fiat Kahler manifolds. Thus, our examples will focus on six-dimensional 
Ricci-fiat toric Kahler manifolds which are allowed to have a conical singularity 
at the tip of the cone. Resolutions of these singularities correspond to non- 
wider range of validity than the GuiUemin formula. For instance, it is valid even for non-toric 
examples. 
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conformal deformations of the conformal field theory and are also of independent 
interest [14]. 

The paper is organised as follows. Section 2 is a review of the symplectic 
quotient as obtained from the gauged linear sigma model. In section 3, we review 
the local classification of toric Kahler metrics admitting a Hamiltonian 2- form due 
to Apostolov, Calderbank and Gauduchon. We then discuss the conditions under 
which their metrics are Einstein and Ricci-fiat. In section 4, we construct the 
symplectic potential for all their metrics. We then carry out a global analysis of 
the ACG metrics and discuss how one recovers the precise singularity structure by 
writing the symplectic potential as the sum of the canonical symplectic potential 
and the Abreu function. Sections 5 and 6 make use of the results of section 4 
to generate examples of unresolved and resolved metrics respectively. While the 
results in section 5 arc not new, the methods used arc new and have independent 
merit. In section 6, wc obtain a new infinite family of metrics corresponding to 
partially resolved metrics on cones over Y^'^. We conclude in section 7 with a 
brief discussion on our results. 

Note added: While this paper was being readied for publication, a paper by 
MarteUi and Sparks appeared [15]. This paper also deals with ACG metrics 
and resolved metrics. There is some overlap with this work though the methods 
differ. The authors also mention a forthcoming paper which discusses the partial 
resolutions of cones over spaces. This also may have some overlap with 
section 6 of this paper. 



2 The symplectic quotient in the GLSM 

A large family of Kahler manifolds are obtained by means of the Kahler quotient. 
The construction proceeds as follows [16]: 

= m^n-d. (2.1) 

The various C* actions are specified by the charge vectors Qa" (which we some- 
times write as an X d matrix Q) : 

(pa — A'^"" (pa , a = 1, . . . , n and a = 1,. . .,d (2.2) 
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Fa corresponds to the set of fixed points under the C* actions. For instance, 
(Qpn-i -g obtained by the Kahler quotient with one C* action with charge vector 
Q = and Fa = {0}. 

Writing C* = M+ x S^, the C* quotient can be carried out as a two-step 
process. First, carry out quotient and then the 5*^ action. This is called 
the symplectic quotient and this is the way the GLSM naturally realises the 
quotient [3]. 

The symplectic quotient is implemented in the GLSM as follows. The GLSM 
has (2, 2) supersymmetry and the field content consists of n chiral superfields, 
$a (o = 1, . . . , n) and d Abelian vector multiplets Va (a = I, . . . ,d). (Please 
see [3] for more details.) The charges of the chiral fields under the d gauge fields 
is given by d charge vectors, Qa" , « = 1, ■ ■ ■ ,d. The parameters of the GLSM 
are the gauge coupling constant (we take all the d couplings to be identical for 
simplicity). Each abelian multiplet admits a Fayet-Iliopoulos (FI) term which is 
represented by a complex coupling, Tq = r^, + i{9a/2Tc). We will refer to r^, as FI 
parameters or blow-up parameters. 

In the GLSM, the (M+)'^ quotient is imposed by the D-term constraintj^: 

n 

Y,Qa"\<Pa\' = r^ . (2.3) 

a=l 

and the (5'^)'^ ~ U {lY action is taken care of by the gauging in the GLSM. Not all 
values of can satisfy the D-term conditions. The set of allowed values of 
are best represented by the interior points of a convex polytope, the moment 
polytope. Writing the complex field (pa = V^^^piy^a in polar coordinates, the 
D-term conditions can be written as 

n 

Y,Qa"L = r^, (2.4) 

a=l 

These linear conditions can be solved for in terms oi m = n — d independent 
variables that we will call Pi {i = l,...,m). We can then rewrite the as 
implicit functions of the Pi, ia{P)- The moment polytope is then given by the 

^In the strong coupling limit (s), typically of the form e^r^ ±oo, the fields in the vec- 
tor multiplets become Lagrange multipliers imposing various constraints (explicitly given, for 
instance, in [17]). 
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conditions 




IS 



(2.5) 



m 




i=l 



where are the angles that remain after the U{lY gauge degrees are removed. 
The metric on X^'" is determined by a single function, G{P), called the symplectic 
potentiajfl 



where Gij = d^G/dPidPj and G*-' is the matrix inverse of Gij. The metric 
induced by the symplectic quotient is the canonical symplectic potential Gcan 
given in Eqn. (11.21) . 

There is a theorem due to Delzant that states that one can recover a compact 
toric symplectic Kahler manifold from its polytope provided it satisfies certain 
conditions such as convexity, simplicity etc [18]. Such polytopes have been called 
Delzant polytopes. An extension of Delzant 's theorem to include toric symplectic 
orbifolds leads to polytopes with a positive integer attached to each facet [19]. 
Weighted projective spaces have polytopes of this kind. The formula of Guillemin, 
given in Eqn. (II. 2p though originally written out only for Delzant polytopes is 
valid for toric symplectic orbifolds as well [20] . The Pi are thus coordinates on the 
polytope and the toric manifold is a [/(l)™" fibration with base, the polytope. The 
boundaries of the polytope correspond to points where the fibration degenerates 



The usual toric data associated with toric manifold X^™ is specified given by 
a set of n vectors in M™, written out as a m x n matrix V. These vectors are 
obtained from the charge vectors by solving 



Thus, while the charge vectors Q appear naturally in the GLSM, the toric de- 
scription is given in terms of V. In our examples, we will go back and forth 
between the two objects. 

■^The symplectic potential is the analogue of the Kahler potential appearing in complex 
coordinates. The two are related by a Legendre transformation [5]. 



ds^ = GijdPdPj + G'^dtidtj 



(2.6) 



[21]. 



(2.7) 
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2.1 Six-dimensional Ricci-flat manifolds 

A simple class of six-dimensional manifolds are obtained by considering the sym- 
plectic quotient involving the D-term given by the charge vector Q = (pi , P2,P3,P4)^'- 

Piii + P2^2 + Pdz + Pdi = r , (2.8) 

where the Pa are taken to be integers. This corresponds to the symplectic quotient 
C^/C*. A necessary condition for the manifold to admit a Ricci-flat metric is the 
condition Pi + P2 + Ps + P4 — 0. There are two inequivalent classes of these 
four integers: (i) pi,P2 > and P3,P4 < and (ii) Pi,P2,P3 > and p^ < 0. 
All other possibilities can be obtained by suitably relabeUing the Pa- The first 
choice leads to the conifold and its generahsations corresponding to real cones 
over U"^'^ spaces [22] and the second choice leads to orbifolds of the form C^/Z^v 
with N — P4. 

A blow-up is implemented in the GLSM by adding a new chiral superfield 
along with an additional abelian vector superfield. This adds a new D-term and 
leads to the symplectic quotient C^/(C*)^. The FI parameter of the new D-term 
determines the size of the blown-up manifolds. In this paper, we will consider 
this situation as well. 

3 The ACG metrics. 

In this section, we will summarize the results from the paper [12] that are rele- 
vant for our purposes. The paper [12] concerns Hamiltonian 2-forms and a local 
classification of Kahler metrics that admit such 2-forms. On a Kahler manifold X 
of real dimension 2m with metric Qij, complex structure J^i and Kahler two- form 
cuij — gjkJ'^i, a Hamiltonian 2- form, (pij, is a (1, 1) form satisfying the equations 

^khj] + \ [^[(^^ ^j]k + diTY<t> J\i9j]k] = . (3.1) 

where Tr(0) = uj^^(j)ki and is the covariant derivative with respect to the 
Levi-Civita connection. 

The notion of a Hamiltonian 2-form and the special properties of this object 
first appeared in [23], where the authors were investigating a special class of 
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four- dimensional Kahler metrics. It turned out that the Ricci form of this class 
of Kahler metrics was a Hamiltonian 2-form. The nomenclature "Hamiltonian" 



alludei 



to the fact that two scalars constructed out of the two-form: the trace, 
s, and the Pfaffian, p, in the four-dimensional context, are Hamiltonian functions 
for (Hamiltonian) Killing vector fields of the Kahler metric. The scalar functions 
also arise as the co-efficients of the characteristic polynomial of the 2x2 hermitian 
matrix, {(p — tu}), constructed out of the Hamiltonian 2-form and the Kahler form: 

pit) := - Pit + P2. (3.2) 

More importantly, the roots of this polynomial, call them, ^ and 77, so that 

Pi = e + r7, P2=iv, (3.3) 

provide coordinates in which it becomes possible to classify a sub-class of toric 
Kahler metrics known as orthotoric metrics in terms of two polynomials of one 
variable, one of ^ and the other of rj. An orthotoric metric is one with = 
and the most general four-dimensional orthotoric metric is [23] 

^4t2 = i^-v) (-^ -jQ^jh^ (^^^^^"^^ + "^'^^ - ^^^^^^^ + ^ • 

^ (3.4) 
In [12], ACG worked in arbitrary dimensions and classified all 2 m-dimensional 
Kahler metrics which admit Hamiltonian 2-forms. The existence of a Hamilto- 
nian 2-form leads to the existence of m (Hamiltonian) Killing vector fields that 
commute. The co-efficients of the "momentum polynomial," p(t) = det(0 — tcu), 
are the Hamiltonian functions for the Killing vector fields. Further the roots of 
the momentum polynomial provide special coordinates which permit an explicit 
classification of the metric. In general situations, the m Killing vector fields may 
not all be linearly independent. A Hamiltonian two- form of order / < m leads 
to / linearly independent Killing vector fields. Thus some (i.e., (m — /)) of the 
roots of the momentum polynomial are constants and hence can't provide for 
coordinates. 

ACG have shown that the existence of a Hamiltonian two-form of order / 
implies that 



*For the various equivalent and more precise definitions, see [12,23] 
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(i) the Kahler metric on X can locally be written as a fibration(using a con- 
struction due to Pedersen and Poon [24]), with a 2/-dimensional toric fibre over 
a (2m — 21) dimensional base, 

(ii) the Kahler structure of the manifold, i.e., {g, J, u) are completely specified by 
/ functions of one-variable and the Kahler structure of the base. 

When / = m, the manifold is necessarily toric though not all toric manifolds 
admit a Hamiltonian 2-form of order / = m. Thus such manifolds are called 
orthotoric refiecting the extra structure. The results of [23], (13. 4p is the special 
case, m = 2, 1 = 2. The other extreme, / = is the situation with no Killing 
vector fields. Thus, the results of ACG provides a nice classification of Kahler 
manifolds that takes one from manifolds with no symmetries to orthotoric Kahler 
manifolds. 

In this paper since we are interested mainly in metrics on six-dimensional 
manifolds, we will focus on the case m = 3, when the possible values for / = 1, 2, 3. 
In [12], the term orthotoric is used for the / = m case and we shall do the same. 
We will add a subscript 'OTm' to indicate the 2m-dimensional orthotoric metric. 
In all other situations, we will indicate the values of m and / in the subscript. 
The momentum polynomial has no constant roots 

p(t) = it-Oit-r])it-x) (3.5) 
and the Hamiltonian functions for the Killing vector fields lE-, lE- are 

ati ' dt2 ' ats 

Pi=^ + V + X, P2 = iv + VX + xi, Pz = ivX (3.6) 

The most general orthotoric metric admitting a Hamiltonian 2-form is then given 
in terms of three polynomials of one variable: 

di"^ dif dx^ 

iv - x)/(0 ^ ix-Ogiv) i^-vMx). 

iv - X) fiO (dti + ir] + x)dt2 + VX dhf 
+ (X - 9{V) {dh + {X + Odt2 + X e dhY 
+ {^-v) Hx) {dti + {^ + v)dt2 + ^V dh)'] . (3.7) 

where A = {C, — f]) {tj — x) ix ~ ■ The Kahler form, the Hamiltonian 2-form and 



1 

~ A 
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the scalar curvature (R) for the m — 3, I — 3 ACG metrics are given by 

a;oT3 = dPi A dti + dP2 A dt2 + dP^ A dt^ , (3.8) 

0OT3 = [PidPi - rfPs] A dtx + {P2dPx - dPa] A dt^ + P^dPx A (i^a , (3.9) 
^ ^ r(0 liri^ h!'[x) ..... 

{i-m-x) iv-Oiv-x) {x-v){x-0' ^' ' 

We will also need the m — 3, I — 2 case, when the momentum polynomial is 



p{t) = (t — a) (t — {) (t — 77), a = constant. 



(3.11) 



d d 



We then have only two Hamiltonian functions for the Killing vector fields , 
viz. Pi — ^ + T), P2 — ^Tj. Thus the roots of the momentum polynomial will 
provide two of the coordinates for the local description. We will refer to these 
Kahler metrics admitting Hamiltonian 2- forms as the m — 3, I — 2 ACG metrics. 
The most general m — 3, I — 2 ACG metric is then given by [12] 



"*m=3,;=2 



(a - (« - V)dsl 
1 



d^ - -7^ dr] 



no 



9{v) 



+ 



^^^^ {9i + v02f-^{ei + ^e2f 



(3.12) 



_^-a • ■ r)-a 

where ds"^ is a Kahler metric on a two-dimensional manifold with a Kahler form 
cUa, 01 and $2 are one-forms which satisfy the following conditions, 



d9i 



-a UJn 



dOo 



(3.13) 



The Kahler form, Hamiltonian 2-form and the scalar curvature for the m — 3, 
I — 2 ACG metrics are given by 

^m=3,/=2 = {a-i){a-Ti)uJa + d{i + ri) ^el + d{iT|) ^e2, (3.14) 
0^=3,^=2 = a{a - (« - r])uJa + [PidPi - dPa] A dO^ + PadPi A d^2(3.15) 

r. ^ Rjdsl) no 9"{V) 

{a - 0(« - V) (e -m- a) iv -Oiv-a)' 

where R{dsD is the scalar curvature of the metric ds^. 

We will also need the m = 3, Z = 1 case, when there are two possibihties for 
the momentum polynomial: 



Piit) 



{t — aY (t — ^), a = constant. 



P2{t) — {t — a) {t — b) {t — a,h — constants , 



(3.17) 
(3.18) 
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with a < b. We then have only one Hamiltonian function for the Kilhng vector 
field ^ viz. Pi = x- We will refer to these Kahler metrics admitting Hamiltonian 
2- forms as the m = 3, / = 1 ACG metrics . The most general m = 3, / = 1 ACG 
metric is of either of two types depending on the momentum polynomial. For 
fl3.17p . the most general m = 3, I = 1 ACG metric is given by [12], 



"■^m=3,/=l 



^={a-x)dsl+ ^\^dx' + 91 (3.19) 

where ds\ is a Kahler metric for the four- dimensional base with Kahler form lOa 
and Q\ is a one-form which satisfies 

rf^^ = _aj^. (3.20) 

The Kahler form, Hamiltonian 2- form and scalar curvature for the above m = 3, 
/ = 1 ACG metrics are 

[a;™=3,z=i]p^(t) = (a - x) + A 6*1 , (3.21) 
[0m=3,z=i]p^(i) = a(a - x) cua + Xdx A Q\ , (3.22) 

where R{dsl) is the scalar curvature of the metric ds"^. 

For the momentum polynomial (13.181) . the most general m = 3, / = 1 ACG 
metric is given by [12], 



""'m=3,/=l 



= {a-x)dsl + {b- X) dsl + + (3.24) 

where ds^^ and (is^ are two Kahler metrics with Kahler forms uja and ujb with the 
one-form 9i satisfying 

dOi = —uJa— ujb. (3.25) 

The Kahler form, Hamiltonian 2-form and the scalar curvature for the above 
m = 3, / = 1 ACG metrics are given by 

[u;m=3,/=i]p^(j) = (a- x)^a + (b- x)^b + dx^Oi , (3.26) 
[0m=3,/=i]p2(i) = aia - X) + b{b - x) + Xdx ^ 01 , (3.27) 

^"^-''^-'U) - (^+(6^-(x-a)(x-6)- ^'-''^ 
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3.1 Imposing extra conditions on the ACG metrics 

In the sequel, we will find examples for resolutions of metric cones in the m = 3, 
/ = 2 ACG case fl332D and the m = 3, / = 1 ACG cases fl319D and (Km . We will 
therefore gather some more facts about these cases, mainly restrictions imposed 
on the polynomials f{C,), g{i]) and h{x) by conditions such as Ricci-fiatness, 
Einstein, etc. 

Extremality 

A Kahler metric is said to be extremal when the scalar curvature is the Hamil- 
tonian function for a Killing vector field. In our examples, this implies that the 
scalar curvature is an affine function of the Hamiltonian function. Pi. For in- 
stance for the 0T3 metric, this occurs when f"{x) = g"{x) = h"{x) and the 
functions f /g/h have degree four. For all other metrics, additional conditions 
arise and are described below. 

If further, one requires a slightly stronger condition (as ACG do) than the 
one required by extremality, i.e., f'{x) = g'{x) = h'{x), then the normalized 
Ricci form, 

is a Hamiltonian 2-form and can be written as a linear combination of the Hamil- 
tonian 2-form, (j) and the Kahler form. 



The Einstein condition 

The ACG metrics are Einstein metrics when the following three conditions are 
satisfied: 

(i) f'{x) = g'{x) = h'{x) and furthermore they should factorize in the following 
way: 

m = 3, / = 3, fix) = b^ix'^ + box^ + hix"^ + h2X + 63 
m = 3,Z = 2, f'{x) = (a; — a)(6_i a;^ + 60 a;^ + 61 X + 62) 
m = 3, / = 1 with h'(x) = (x — {b-i x'^ + bo x + bi) (3.29) 

m = 3, / = 1 with p2(t), h'{x) = {x — a) {x — b) (6_i x^ + bQX + bi) 
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for some constants 6j. 

(ii) the smaller Kahler metrics, ds'^, dsf should be Kahler-Einstein with their 
scalar curvatures satisfying the following relations: 



m = 3,/ = 2, -R{dsl) = 6_i a"* + 60 a + &i « + 



'2 

R(ds'^) 

m = 3,i = 1 with ^ — ^ = b^i + bo a + bi 

m = 3, Z = 1 with P2{t), —R{dsD — b^i + bg a + bi and 

-R{dsl) = 6_i6^ + 6o& + &i ■ (3.30) 

(iii) The Ricci-form is then given by 

P^-\ [b-M + Pico) + bocu] . (3.31) 
which clearly leads to an Einstein metric when 

6_i = . (3.32) 

The scalar curvature for these Einstein manifolds then is equal to — 36o. 

The Ricci-flatness condition 

For the ACG metrics to be Ricci-flat as well, one needs 

60 = . (3.33) 

As we will be interested in Ricci-flat metrics, we note that we will end up with 
the functions f /g/h being cubic polynomials. This is all we need for orthotoric 
metrics. For the ACG metrics with Z < m = 3, it is useful to explicitly write out 
the conditions that are imposed on the smaller Kahler metrics. 

1. When m — 3, I — 2, One needs R{dsl) — —bia — 62. 

2. When m = 3, / = 1 with polynomial pi{t), one needs R{dsl) = — 26i. 

3. When m = 3, Z = 1 with polynomial P2{t), one needs R{dsl) — R{dsl) — 
-bi. 
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4 Symplectic potentials for the ACG metrics 

In this section, we compute the symplectic potentials for the ACG metrics^. 
We first start with the orthotoric case with I = m = 2 since this is the first 
non-trivial orthotoric metric. The symplectic potential for higher-dimensional 
orthotoric metrics and other ACG metrics follows from this case. 



4.1 The m = 2 orthotoric symplectic potential 

The coordinate transformation that gives (^,77) as a function of (Pi,P2) is ob- 
tained by identifying rj) with the roots of the quadratic equation 

A' - PiA + P2 = . (4.1) 

The m = 2 orthotoric metric in the coordinates (Pi, P2) is given by 

dsQr^2 = 9ijdPidPj + g'^dtidtj (4.2) 

where 

9ij 



^ If (a a(v)i If (a q(v)\ 



-fiO aiv)^ ifiO g(v) 

^ ' V g{v)\ IfiO g(v)i 

We can check that this metric can indeed be written as the Hessian of a symplectic 
potential. The integrability condition is given by 

di (gjk) = dj (gik) , 

which holds in our case. 

We will write the symplectic potential as an explicit function of [C,, rj) and 
hence as an implicit function of (Pi, P2). Let G{C,, rj) be the symplectic potential 
for the above metric. Then, one has 

g,, = d,djG{^,rj) (4.3) 
d^G d^G d^G 1 \'dG dG 



'''The symplectic potential for the YP"^ and L^"^^ metrics has been obtained in ref. [25]. 
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The easiest of the three partial differential equations turns out to be the one 
for g2'2. which reads 

Let us assume that / and g are polynomial functions with distinct roots (^i, . . . , ^at) 
and (?7i, . . . , 77^^) respectively. We will need the inverses of / and which we write 
as (/o and g^ are constants that turn out to be proportional to the scalar curva- 
ture. We deliberately include a minus sign so that the constants are positive in 
our examples.) 

1 1 ^ A, 



N 



1 1 ^ Ba 



where 



A, = -/o"^ Hi^a - ib)-' , and = -g^' Hin, - r,,)-' . (4.7) 

Since the partial difTerential equations are linear, we can use superposition. 
So, all we really need to do is to solve for the simple case when / = (^ — ^1) and 
dropping the term involving g{rj). It turns out that this is solved by the function 
S which we define as follows: 

S{i,ii,a) = ]^{i-r^){i-a)-{ii-a){i-a)\og{i-a) . (4.8) 

This is the solution to the differential equation 



/d_ _ _a_\2 

One can verify that the other partial differential equations for gu and gu are also 
satisfied. Thus, we can now write the symplectic potential explicitly as follows: 

N N 

G{C, r?) = 5^ A„ S{C, V, Ca) + Y.^a S{v, e, Va) ■ (4-10) 

a=l a=l 
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When N and N are both greater than two, a shghtly simpler form follows on 
using the identities ~ X^a -^a^a — and a similar one for the S's. In this 

case, we can write, 

N N 
a=l a=l 

(4.11) 

where .^a,(resp. r/a) are the distinct roots of /(^)(resp. g{r])). Note that the 
coefficient of each of the logarithms can be rewritten in terms of linear functions 
of (Pi,P2)- For instance, 

(e - - Ci) = P2- Piii + ei = , (4.12) 

where the last term is the momentum polynomial for this case, i.e., p{t) = {t — 
i^^v) ■ This observation enables us to analyse global properties of the orthotoric 
as well as ACG metrics. 

We conclude this discussion with a comment on the symplectic potential for 
the other cases such as the m = 3 orthotoric metric. This involves adding a piece 
corresponding to the roots of the third function, h{x) and pre-multiplying the 
argument of all logarithms so that they can be written as the linear function of 
(Pi, P2, P3) given by the momentum polynomial, p{t). 

4.2 The m = 3, 1 = 2 symplectic potential 

In order to be more concrete, we choose the two-dimensional metric ds^ to be the 
Fubini-Study metric for a CP^ with symplectic potential 

Gfs(x) = l{l-x) log(l -x) + ^(l + x) log(l + x) . (4.13) 

The scalar curvature for the above metric is 2. The natural choice for the sym- 
plectic coordinates which follows from the Kahler form is 

Pi = {^ + V) , P2 = and P3 = (a - C){a - r])x . (4.14) 

A calculation similar to the one used to derive the symplectic potential for the 
m — 2 orthotoric case leads to the following symplectic potential for the m — 3, 
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/ = 2 ACG metric. We obtain (assuming N > 2 and N > 2) 

Gm=3,i=2ix, ^, T]) = {a- 0(a - r])GFsix) 

N 

-Y^A, (a-ej(r/-ea)(e-ea)l0g(e-ea) (4.15) 

a=l 
N 

-^Ba {a - - r]a){T] - ria)\og{r] - TJa) , 

a=l 

where Aa and Ba are as defined in (14.71) . Again, note the appearance of p{t) in 
the coefficient of the logarithms and the coefficient of the Fubini-Study metric is 
simply p{t) without the constant root - this is called Pnc{t) in [12]. 



4.3 The m = 3, / = 1 symplectic potentials 
For momentum polynomial pi{t) = {t — aY{t — x) 

Let Pnc{t) = {t — x) be the part of the momentum polynomial involving the non- 
constant root X- Further, let us assume that h is a. polynomial of degree N with 
distinct roots Xi, . . . , xn- Then we can write h{x) = ~ho n!Li(x ~ Xr)- Then, 
the symplectic potential takes the form 

Gm=3,l=l = ~yZ^r PliXr) log(x " Xr) + PnM) Ga , (4.16) 



where Cr = —h^'^ Yls^riXr — Xs) ^ and Ga is the symplectic potential for the 
small metric ds'^. 



For momentum polynomial P2(t) = {t — a){t — b){t — x) 
The symplectic potential takes the form {pnc{t) = {t — x)) 



N 

Gm=3,l=l 



= - C'r P2iXr) log(x - Xr) + PrM Ga + Pnc{p)Gb , (4.17) 



where we have again assumed that h{x) is a polynomial of degree N . Further Ga 
(resp. Gh) is the symplectic potential for the small metric ds^ (resp. dsl). 
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4.4 Global Analysis of the ACG metrics 

While most of our analysis will hold in generality, we will restrict all our consid- 
erations to the situation when the functions / and g are cubic functions. Let 

with the ordering .^i < ^2 < ^3 and i]i < ri2 < rj^ when the roots are all real. If / 
has complex roots, we choose them to be ,^2 and ,^3 and similarly for the function 
g. We also will assume /o and go are real and positive. We will now consider the 
various ACG metrics and require that the metric be positive-definite. 

m — 2 orthotoric metrics: The following conditions are needed 

^>V : C < 6 or ^2 < C < 6 , Vi < V <V2 or T] > r]3 , 

and a similar set of conditions if we require ^ < rj. If we require that the 
four-dimensional space be compact, clearly, we obtain the condition that 
> V2 thus satisfying ^ > rj everywhere in the interior. The metric is 
singular on the boundary of a rectangle in the ^ — r) plane. These metrics 
lead to CP^ when the functions / and g are identical [26] . 

m — 3, I = 1 ACG metrics: Let us assume that the non-compact coordinate 
is X- Then, positivity of the metric is assured when X < Xi < ct, where Xi 
is the smallest root of h{x)- We choose the four-dimensional metric to be 
the one given by the m = 2 orthotoric metric. Again, the singularities are 
given by those of the m = 2 orthotoric metric that we just considered and 
at X = Xi- These metrics will be shown to lead to complex cones over U"^'^ 
spaces when f ^ g ior specific choices of the polynomials. 

m = 3 / = 2 ACG metrics: The relevant conditions are 

i<a, r] <a, ^>V: 6<^<6or^>^3, rj < rji or r]2 < rj < rjs , 

and of course, — 1 < a; < 1. In this example, we will be interested in the 
situation when we have non-compact domain in the ^ — rj plane given by 
r/ < 771 < ^1 < ^ < ^2 < fl- The singularities of the metric occur at a; = ±1 
(these are the singularities of the FS metric), r) = rji, ^ = ^1,^2- This choice 
leads to partially resolved cones over Y^'^ as we will show in the sequel. 
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4.5 Recovering the canonical potential 

Consider the simple situation of the m = 2 orthotoric symplectic potential corre- 
sponding to / = y4i/(^ — ,^1). Ignoring the non- logarithmic pieces, the symplectic 
potential given in (14. 8p can be re-written as 

^i{P) log£(P) + A^{^ - - 6) log(r7 - 6) (4.19) 

where i{P) = — 2y4i(,^iPi — P2 — ^f). The singularity associated with i{P) = is 
split into two separate singularities in the ^ — r] space i.e., ^ = ^1 and r] = The 
ACG metric subtracts out one of the two singularities and hence has the form 
Gcan + h{P). This simple example shows how one can re- write all the symplectic 
potentials that we have obtained into the form 

where Gcan contains only the i log i pieces associated with the singularities that we 
obtained from our global analysis. All the remaining pieces are grouped together 
into the Abreu function h{P). We can then use the canonical potential to figure 
out the moment polytope. 

5 Unresolved Ricci-flat metrics: examples 

We consider the m = 3, / = 1 ACG metrics with momentum polynomial Pi{t). 
We define P = (a — and choose the cubic polynomial to be h{x) = 2(a — x)^- 
Then the metric in Eqn. fl3.19p is the metric for the complex cone over a four- 
dimensional Kahler manifold. The symplectic potential then takes the form 

Gm=3,l=l = lP^OgP + P Ga{PuP2) , (5.1) 

where Pj = Pj/P and Ga is the symplectic potential for a four- dimensional mani- 
fold which we take to be m = 2 orthotoric manifold. Thus, we have Ga = ^0x2 as 
defined in Eqn. (14. lip . The Ricci-flatness of the above metric requires Ga{Pi, P2) 
to be Kahler-Einstein with scalar curvature equal to 4 among other things. This 
is achieved if we choose f'{x) = g'{x) and fo = go = ^■ 
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Focusing on Einstein spaces amongst the ACG metrics in four dimensions, we 
thus need to consider cubic function / and g such that 

f{x)^-lx' + hx^ + f2X + fs, g{x)^f{x)+fi, (5.2) 

with /i 7^ and {fi, f2, fs) arc constants. Let < ^2 < ^3 be the distinct real 
roots of / and i]i < ri2 < 1]-^ be distinct real roots of g. As discussed earher, we 
choose the values of ^ and r] are such that rji < r] < r]2 < ^2 < ^ < ^3 This implies 
that the singularities occur on the boundary of a rectangle in the —f] plane. In 
the (Pi — ^ + r}, P2 = ^rj) plane, the rectangle is given by the conditions ia — 
where 

4(A,P2) =7^(|p|fc|;y(6A-P2-el), (5.3) 

h(Pi, P2) = /ofe-6)«3-a) A -P2-il) ■ 

The four functions are linearly-dependent. We assume that the dependence is 
given by four positive integers (p, r, s) such that (assuming q > p and s > r) 

P ii{Pi, P2) + q i2{Pi, P2) - s h{Pi, P2) - r £4(A, A) = , 

The condition p + g = r + s may be assumed at this point but it can be obtained 
as a consistency condition. For simphcity, we assume that this is true. These 
spaces turn out to be real cones over five-dimensional spaces called IP''^ [22] . The 
explicit map relating this m = 3, / = 1 ACG metric to metrics given in [22] has 
been obtained by Martelli and Sparks(in [27]) and we shall not present them here. 
We instead pursue our analysis to completion. The four integers should determine 
the functions / and g. Using the above condition we obtain the three equations 
after setting r^i = by a simultaneous translation in ^ and 77 and choosing 772 = 1 
for simplicity as the r;2-dependence can be easily recovered: 

pBx + qB2 - SA2 - r A3 = , 

qB2 - - rA^i^ = , (5.4) 

qB2 - sA2^l - r AaCl = , 
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where B, = l/r^g, B2 = 1/(1 - m), ^ = 1/(6 - ^0(6 - ^3) and A3 = 1/(^3 - 
6) (6 — Note that it seems that we have four variables to determine, 773 and 
the three roots of g. However, the two functions / and g are such that their roots 
satisfy 

6 + 6 + 6 = '71 + ^2 + ??3 , and + + = r]iT]2 + t]3Vi + V2V3 ■ 
This enables us to solve for, say, rjs and ^ in terms of ^ and ^ to obtain: 

^3 = 1- , jf , and ei = (6 + 6)- , If , • (5.5) 

Thus, Eqn. (15.41) now becomes three equations for two variables, ^ and ^ given 
four integers (p, g, r, s) such that p + g — r — s = 0. 

One can also view Eqn. (15. 4p as an equation for three rational numbers 
^(g, r, s) given ^ and 6. One can show that the solution is such that p+q—r — s = 
and one has 

q—p {u + v){u'^ + v"^ — 2) 

q + p uv{u'^ + uv + v'^ — 2) — 1 ' 
s — r {v — u){u + v){l + uv) 

p + q uviv? + uv + v"^ — 2) — \ 

where we have defined 



> , (5.6) 



6 = , 43 = with f > M > 1 . 

The above range of (m, f ) is consistent with the condition that q > p and s > r 
that we assumed at the beginning. It is easy to see that when u and v are rational, 
one is guaranteed to obtain integers for {p, q, r, s). This solution is similar to the 
one considered in [28]. 

Consider the example when {p,q,r,s) = (1,4,2,3). We solve for {u,v) nu- 
merically as the explicit answers are unilluminating. We obtain that [u, v) = 
(1.8933, 2.3258) - this is the only solution that satisfies v > u > 1. This implies 
that ri3 = 1.96867 and (6,6,6) = (-0.14065,1.44665,1.66229). Again this is 
consistent with the ordering of the roots that we assumed. 

It is of interest to ask what happens when r = s in (15.61) . It is not hard to see 
that this is achieved when u = v. In other words, one has 6 = 6 and one side of 
the rectangle shrinks to zero size. The root ^ now becomes a constant root. The 
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singularity may be 'resolved' by associating a CP-^ with the constant root. This 
provides an intuitive understanding of our next attempt to find metrics for y*'^ 
from the {m — 3,1 — 2) ACG metrics. 



6 Partially resolved Ricci-flat metrics: examples 



6.1 Cones over Y^^ spaces 

The toric data for general Y^''^ (with p > q and gcd(p, q) — 1) is given by the 
four vectors [29] 

A 1 1 i\ 



V= p-q-l p 1 
^0 p — q P J 

One can verify that the most general internal point is of the form (1, A:, k) with 
/c G {1, . . . ,{p — 1)}. Internal points correspond to blowing up four-cycles and we 
intend to add one internal point and obtain the Ricci-flat metric on the resulting 
space. Now, with one internal point added, the toric data is 

A 1 1 1 l\ 

V+i = Op — q — Ipl k 
^0 P — q p k J 

The general D-terms for Y^''^ spaces with one internal point added can be 
computed by considering the null space to V+i and turns out to be 



{p - q)ii + {p + q)h - p(4 + ^4) = ri , 
(-/c+p) £i + /c£3-p4 = r2 , 



(6.1) 



where wc have also turned on the blow-up (F-1) parameters which we call ri 
and r2- We thus have the five la being subject to these two conditions. This 
effectively leaves us with three independent fields. We choose these independent 
fields to be {Pi,P2,Pz)- 

The metrics for Y^^ spaces were first obtained in [30,31]. Real cones over 
these spaces have a conical singularity at the tip of the cone. Resolved metrics 
for these spaces have been not been found except for the conifold (and its Z2 
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orbifold). The conifold is obtained as a real cone over Y^'^ = T^'^. An intriguing 
result was obtained in [32] where they obtained a resolved metric for the cone 
over y^'^. What was different about this result was the fact that the blow-up 
parameters were set to fixed values. We realised that the metric looked like the 
m = 3, I = 2 ACG metric and verified that it was indeed true. This was our 
inspiration to look more closely at this class of ACG metrics and see if we could 
achieve similar results for general Y'^''^. Further, the defining D-term for cones 
over yP'"^ spaces clearly has a CP"*^ corresponding to £2 + ^4 =constant in Eqn. 
(16. ip . We now systematically fit the m = 3, / = 2 ACG metrics to the two D- 
terms that appear in Eqn. (16.11) . Higher dimensional generalisations of the result 
of [32] have appeared in [33]. Our result provides examples in six dimensions that 
appear to be new. 

6.2 Fitting to the m = 3, / = 2 ACG metrics 

We now attempt to fit these metrics in to the m = 3, / = 2 class of ACG 
metrics. We first set ds^ to the Fubini-Study metric normalised such that the 
scalar curvature equals 2. As discussed earlier, Ricci-flatness requires / and g to 
be cubic functions such that 

f'{x)=g'ix) = ix-a)ihx + b2) , (6.2) 

with bia + 62 = ~R{dsD = —2. A simultaneous shift in ^ and 77 can be done 
to eliminate the term linear in x that appears in the functions / and g. This is 
achieved, for instance, by setting 62 = 0. We also set a = 1 to match results in 
the literature. This fixes 61 = —2. Thus we obtain 

f'{x) = -2x{x - 1) ^ f{x) = + + constant , (6.3) 

and g{x) — f{x) is a constant. 

We identify {Pi, P2, P3) with an S'L(3,Z) transform of the coordinates given 
in (I4.14p . The S'L(3,Z) transform is such that P2 = {P2 + Pi — 1) leaving the 
other two coordinates unchanged. To carry out the fit to the D-terms, we 
identify the five singularities of the m = 3 / = 2 ACG metric with boundary of 
the Y^'^ polytope. The singularities of the CP^ are naturally identified with £2 
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and £4. We find that the ^ = ^1 and ^ = ^2 singularities get identified with the 
ii and £3 singularities. If the fit has to work, the last singularity rj = r]i must be 
identified with £5 = singularity. With these inputs, we obtain 



-(1-6)^2 

(A - Ps) , 



Pi(6-i)-A + i-e2 



Pi(r7i-l)-P2 + l-r?? 



(6.4) 



where and rji are respectively the roots of cubic equations /(^) = and girf) = 
0. The roots are taken to have the following ordering: t] < rji < C,i < C, < C,2- The 
constants Ai, A2 and Bi are given by 

-3 . -3 „ -3 



^1 



(6 -6) (6-^3 



A, 



(6.5) 

We now need to impose the conditions that the as given above from the 
m = 3, / = 2 ACG metric satisfies the D-term conditions given in Eqn. (16.11) . In 
the first D-term, one sees that the P3 drops out and thus leads to two equations 
corresponding to the vanishing of the coefficients of Pi and P2. Further, this does 
not involve the roots of g since they appear only in £5. Here / is such that its 
roots satisfy 



6 + 6 + 6 



66 + 6^3 + ^3^1 = 0. 



Thus, the first D-term is an over-determined system - we have two equations and 
one unknown - the undetermined constant in /. It turns out there is indeed a 
solution. 



^ 2p-3g-VA . 2p + Zq 
6 — — ) 6 



6 



P+ 



(6.6) 



Ap Ap 2p 

where A = (4j9^ — 3q^). It is easy to verify that the inequality 6 < 6 < 1 
is satisfied when p > q. Note that C,i are independent of k, i.e., the interior 
point that is blown-up. This is obvious since the second D-term was not used in 
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determining the roots of /. The FI parameter ri is non- vanishing and is given by 

It turns out that ri is always negative. This is consistent with our identification 
of the CP^ arising with from the £2 + ^4- 

We now impose the second D-term equation involving £5 and use it to deter- 
mine the roots of g. Again, we know that the three roots of / must satisfy 

Vi + 1I2 + V3 = ^ , V1V2 + ri2V3 + VsVi = • (6.8) 

We can use these two equations to solve for 772 and 773 in terms of rji. Imposing 
the D-term leads to the solution 



_ p{2p-3q){p + q)-2k{2p^-3q^)-VA{-2kp + p{p + q)) 

4{3k^q + p'^{p + q) - kp{2p + 3q)) ^'^ 

The second FI parameter is given by 

r, = -(p-k){l-^,)A,{l-e,)-kil-^2)A2il-e2)+Pil-m)Biil-v!) (6-10) 

We do not list the explicit expressions for 772, 773 as we don't really need them. 
Instead, we just note the value of their sum and product since they appear directly 
in Bi which appears in £5. 

V2 + V3^l-m, V2V3 ^ -mil - m) ■ (6.ii) 

The constants that appear in / and g can be obtained directly from the roots 
and wc do not give expressions for them. 

An important point to note here is that we have not verified that 771 < ^1 
as that is required by the positivity of the ACG metric. While our expressions 
seem to be valid for any k G (1, 2, . . . , p — 1), it turns out that in all the examples 
that wc have considered, the inequality is violated when k = p — 1 and p > 2. 
Experimentally, we find that for all values of k that are greater than p/2 and 
thereabouts, the inequality is violated and we do not obtain a resolved metric for 
those values of k. For instance, for Y^'^, we obtain a resolved metric for k = 1 but 
the one for k — 2 violates the inequality and we do not have a positive definite 
metric. 
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The Abreu function may be extracted using the formula 



m=3,/=2 



1 ^ 

- J]41og[4] + MP.) . 



(6.12) 



a=l 



We do not write an exphcit formula for the Abreu function. We now work out 
details for some specific values of (p, g, k). The polynomials are taken to be^ 



(6.13) 



where we define the constants to be a and b (this is not to be confused with our 
earlier use of the same to indicate constant roots in the momentum polynomial). 



-2,1 



There is only one point in the interior of the polytope corresponding to setting 
k = 1. The FI parameters are given by 

ri = -i(5 + 2yi3) , r2 = |(4 + v^). (6.14) 

The form of the resolved Y"^'^ metric in the [32] can be obtained by carrying out 




Figure 1: Toric diagram for Y 



2,1 



an SL{3, Z) transformation such that the new Pi are given by 

Pi=^ + r/, P2 = (l-0(1-^) , Ps = (1-0(1-^)3^, (6.15) 

^Our metrics differ from the ones usually written for F*"^ [30-32] by a factor of 3 due to our 
choice of normalisation for the scalar curvature of CP^. Our / will have to be multiplied by —3 
to match with the corresponding cubic function in those papers. 
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and setting x — cos 6. The roots of the polynomials turn out to be 

m = -2(2 + vl3) , 7^2 = ^ . (6.16) 

The constants a and b appearing in the functions / and g are 

^ = -]^(137 + 37^13) . (6.17) 

Y^'i with k = 1 




Figure 2: Toric diagram for Y 



3,1 



For y^'^, we have two internal points. We add the point corresponding to the 
vector (1, 1, 1). The other point (1, 2, 2) does not give a positive definite metric 
and hence is not considered. The roots when k — 1 turn out to be 

. 3-x/33. 9-V33. 3 + x/33 l-x/33 
= 6 = ^^, 6 = — m = (6.18) 

Wc note that the ordering rji < < ^2 < is respected. The constants in the 
two polynomials are 

. 77 + 3^33 ^g^g^ 



54 ' 192 
The FI parameter rs = |(7 + \/33). 
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Figure 3: Toric diagram for Y 



3,2 



Y3'2 with k = 1 

This example is similar to Y^'^. The k = 2 solution is not valid but the A; = 1 is 
and hence we present the results for that metric. The roots turn out to be 



1 ._6-v^ + 2v^ _ 2 + 3^6 



(6.20) 



We note that the ordering of the roots is as expected. The constants that appear 
in the polynomials are 



a — 



9 + ^6 

5r~ 



b = 



601 + 189^6 
750 



(6.21) 



The FI parameter rs = |(4 + ^6). 



Y^'^ with k= 1,2 

This is the first example where wc obtain incquivalent resolutions corresponding 
to adding internal points for k = 1 and k = 2. Since the roots of / are independent 
of /c, we will quote them once and write out the root rji separately. We obtain 

1-^73 19-^ 5 + V73 

SI — 7^ ) ^2 — , ?3 



21) 



20 



Vi{k = 1) = -^^t^ , Vi{k = 2) 



10 ' 

13 + 5v^ 
46 



(6.22) 
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Figure 4: Toric diagram for Y^'^ 



We note that the ordering of the roots is as expected. The constants that appear 
in the polynomials are 

_ _ 125+v/73 



750 ' 

6(A; = 1) = -26Z0^tl|5v^ , 6(fc = 2) = - ™+3^°f^v^^ . (6.23) 

The FI parameter r2{k = 1) = ^{77 + 5V73) and r2{k = 2) = ^(59 + 5^73). 

One can ask what happens to our formulae when g = 0. The roots and ^2 
coincide. This implies that the m = 3, / = 2 ACG metric is singular. ^ becomes a 
constant root. This is similar to what happened in the L^'^'" metric earlier. Again, 
we need to add a CP^ to resolve this singularity. So it naturally leads us to the 
conifold and its orbifolds. We thus move on to the m = 3, / = 1 ACG metrics 
with momentum polynomial P2{t)- 

6.3 The m = 3, / = 1 ACG metric and the resolved conifold 

The metric for the resolved conifold as well its Z2 orbifold has been obtained by 
in [34] and [35]. Following these papers, both the metrics can be written a.^ 

dsl = K-\p)dp'^ + ^k(p)(# - Aa- Abf + 4rf4pi + (y + d^)dsl^^ (6.24) 



^Below (is^pi is the metric {d9^ + sin^ Odip^) and uj — cos 6d6 A dip is the Kahler form for 
The indices a and b distinguish the two CP^'s that appear. 



28 



where 



Kip) = (1 + ^ - ^)/(l + ^) , dAa = cua and dA, = a;^ . 



The metric of the resolved conifold is obtained after setting 6 = and choosing 
the periodicity the angle ip to be An. The metric of the resolution of the Z2 
orbifold of the conifold is obtained by simply choosing the periodicity of ip to be 
27r. The periodicity of the angles are determined by requiring the metrics to be 
non-singular at p = 0. The parameter a is the size of the blown- up CP^. We 
will now show how these two metrics are indeed m — 3, I — 1 ACG metrics with 
momentum polynomial p2 (t) . 

Hence consider the m — 3, I — 1 ACG metrics and choose ds^ and dsl to be 
the Pubini-Study metric on CP^. Both are taken to have scalar curvature equal 
to 2. Ricci- flatness of the metric implies that the function h{x) must be of the 
form 

h'(x) = -2(x - a)(x - b) , (6.25) 

With no loss of generality, assume a = and 6 > 0. Then, we obtain 

2 

h{x) — — x^ + bx^ — c , c — Bi positive constant . (6.26) 
3 

The resolved conifold is obtained when the constant c — 0. Positivity of the 
metric requires x < 0. The metric that we obtain here becomes the metric on the 
resolved conifold given in [34] after the change of variable x — — identifying 
9i — {dt/j — Aa — Ab) and finally setting b — a^. 

The metric for the Z2 orbifold is obtained if we choose the constant c = 6^/324 
and choose the periodicity of t/j to be 27r as follows from the analysis in [35] . 



6.4 The resolution of C'^/Zs as a / = 3, m = 1 ACG metric 

The metric for the resolution of C^/Za when written as the resolution of a cone 
is (after a rescahng) [36] 



ds'^ = 3 



^6 



dr'^ H 



2 ^2 



d-f + A) + ^dsl, . (6.27) 



where ds^2 is the Fubini-Study metric on CP^ with scalar curvature equal to 8 
and the Kahler form is U!p2 = —dA. 
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We wish to show that this is an example of the m — 3 I — 1 with momentum 
polynomial pi{t). We take the small Kahler metric to be the Fubini-Study metric 
on CP^ with scalar curvature equal to 8. The Ricci-flatness condition requires 
h{x) such that h'{x) — bi{x — of with hi — —4. Setting the constant a to zero 
with no loss of generality, we obtain 

4 

h{x) = -gX^ - -g , 

where we have chosen the constant suitably. One further has the condition that 
d9i — —u!p2. Identifying x = — and 9i = dj + A, we recover the resolved 
metric given above. 

7 Conclusion and Outlook 

In this paper, we have constructed symplectic potentials for a large family of 
metrics due to Apostolov, Calderbank and Gauduchon. We carry out a global 
analysis of these metrics, largely focusing on non-compact six-dimensional exam- 
ples, by relating the symplectic potential to the canonical one due to Guillemin. 
We then systematically worked out the situations where we recover D-terms asso- 
ciated with known manifolds such as cones over U"^'^ and Y^"^ manifolds. We find 
among these metrics, an infinite family of partially resolved metrics for cones over 
yP'^ for non-zero blow-up parameters. Interestingly, we also recover the resolved 
conifold (and its orbifold) and the resolution of C^/Z^ among the ACG metrics. 
Thus, all known examples of resolved metrics appear in this classification. 

The m = 3 orthotoric metrics seem the natural place to look for metrics 
corresponding to partial resolutions of L^'^^. In specific examples, we have found 
that there are no such solutions even though the blown down metric is recovered 
in a limit. Nevertheless, we feel that our analysis in this particular situation is 
incomplete and we hope to report on this in the future. 

The paper has largely dealt with symplectic coordinates. One may wish to 
know if this is always a good approach. As a test case, we have attempted to 
work out the symplectic potential for resolutions of C^/Zjy using the symplectic 
quotient rather than the hyper-Kahler quotient that is natural in this setting. 
The symplectic method works only for N — 2 but does not work for N > 2 
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[36]. However, it is known that a partial Legendre transform of the symplectic 
potential can be exactly determined in these examples [37] and an explicit map to 
the Gibbons-Hawking metrics worked out. In carrying out the inverse Legendre 
transform to recover the symplectic potential, one needs to find the roots of 
polynomials of degree greater than four to come up with a closed-form expression 
for the symplectic potential. Since no formulae exist for roots of polynomials with 
degree > 4, one does not obtain an algebraic expression the symplectic potential. 

Our results clearly have implications in the context of the AdS-CFT corre- 
spondence. For instance, it is known that resolutions associated with two-cycles 
and four-cycles lead to different kinds of corrections to the radial part of the met- 
ric, i.e., Qrr [14]. These metrics provide an arena where this can be verified. The 
Abrcu function that we have obtained in this paper may be used to verify the 
prediction of Martelli, Sparks and Yau on its behaviour [29]. Finally, the gravity 
dual of the (marginal) Lcigh-Strasslcr deformations oi N' — 4 supersymmetric 
Yang- Mills theory is not yet known. The gravity dual is expected to have a U{1) 
isometry implying that it may arise from a m = 3, / = 1 ACG metric whose 
four-dimensional base is a non-toric K abler- Einstein manifold. The CFT implies 
that the four-dimensional manifold must arise as a two-parameter deformation 
of CP2. 
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